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Abstract
A field-induced superfluid state of magnons is exhibited in the two-dimensional
spin-1/2 quantum XY model in a strong magnetic field h (h/J � 2) along ẑ
below a critical temperature Tc by using the renormalized field theory and
the running coupling constant method. In such a state, there exist several
distinctive phenomena: spins are aligned better in a constant magnetic field
as the temperature increases; and entropy rises with increasing strength of the
magnetic field at constant temperature. Mechanisms which lead to the above
phenomena are proposed, and the distinctive curve of 〈Sz〉 versus T in XCuCl3

can also be explained accordingly. Similarities and differences between our
system and XCuCl3 are also discussed.

1. Introduction

Recently, field-induced magnetic ordering has attracted considerable interest in studying
quantum phase transitions in spin systems composed of three-dimensional crystalline networks
of dimers like TlCuCl3 and KCuCl3 [1–5]. As the applied magnetic field H is larger than a
critical value, an unusual magnetic ordering occurs as a quantum phase transition. Such
field-driven quantum phase transitions can be controlled precisely, and provide unrivalled
opportunities for studying collective phenomena in strongly correlated 3D quantum systems.

On the other hand, the quantum spin system in lower dimensions (d < 3) has also been
one of the most intensively studied topics in condensed matter physics. Rich physics are
connected with many modern quantum statistical phenomena such as the low dimensional
(antiferro-)magnetism [6] and the high Tc superconductivity [7]. Further, the quantum spin-1/2
system in lower dimensions itself is of fundamental interest as a quantum many-body system.
For example, the two-dimensional spin-1/2 quantum XY model (2DS1/2QXYM) [8–11] is
one of the simplest models supporting topological excitations. In this model, the topological
excitation (vortex) plays an important role in its statistical behaviour, and results in the
Kosterlitz–Thouless (KT) transition at temperature TKT,h=0 = 0.35J [8] when no magnetic
field is present.
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The 2DS1/2QXYM is equivalent to a lattice boson system with infinite on-site repulsion
(hard-core lattice boson) [12, 13]; this theorem has been proved rigorously [13], and applied
to several spin models successfully [14, 15]. The hard-core bosonic property of the spin-1/2
magnons (spin waves) of the 2DS1/2QXYM may be reminiscent of that of the triplet magnons of
the 3D XCuCl3 [4]. In XCuCl3 the ground state of the magnon is a non-magnetic state with zero
magnetization, while in the 2DS1/2QXYM the ground state of the spin-1/2 magnon is a fully
polarized ferromagnetic state. In addition to the statistical property (bosonic or fermionic),
fluctuation is also essential in many-body phenomena. Literally, the statistical behaviour of a
many-body bosonic system at low temperatures is governed by the competition between the
quantum collective behaviour of the Bose statistics and the coupled classical and quantum
fluctuations. In XCuCl3, being in three dimensions, fluctuation is small; thus there is Bose–
Einstein condensation (BEC) at low temperatures, while in the 2DS1/2QXYM fluctuation
is enhanced due to low dimensionality; thus there is no BEC at temperature T �= 0 [16].
Nevertheless, if they are in external magnetic fields, the above two quantum spin systems still
have some collective behaviour in common—superfluidity (SF). However,most theoretical and
numerical efforts have not been directed toward the study of the finite-temperature behaviour
of the 2DS1/2QXYM in a magnetic field. We will show later that due to SF, some seemingly
anomalous field-induced phenomena would appear in the 2DS1/2QXYM at finite temperatures.
Associated mechanisms would be proposed as well. The distinctive curve of 〈Sz〉 versus T in
XCuCl3 [1] can also be explained accordingly.

In a ferromagnetic state, normally, fluctuations grow with temperature and therefore
decrease the magnetization [18]; and ordering of spins grows with increasing strength of
the magnetic field, and this would usually decrease the entropy. In this paper we would like
to report that at temperature below a critical value Tc � TKT an anomalous ferromagnetic
state which is a field-induced magnon superfluid state can be exhibited in the 2DS1/2QXYM
in a magnetic field along ẑ: in this state, the magnetization 〈Sz〉 grows as the temperature
increases in a constant magnetic field, and entropy rises with increasing magnetic field at
constant temperature.

It should be noted that, at temperature T below TKT, the vortex density is small and weakly
dependent on T ; and it rises considerably above TKT [8]. Thus the effect due to the vortex can
be ignored at T < TKT, within which discussions in the rest of this paper are focused.

On the other hand, analytical studies of quantum spin systems at finite temperatures in
lower dimensions are rather difficult. This is because the spin operator is neither purely
boson-like nor fermion-like [13]. In addition, even though the spin algebra is compact, the
algebra generated by the spin wave annihilation and creation operators is not [13]. Therefore,
the conventional field theoretical techniques constructed for the boson and fermion cannot be
directly applied to quantum spin systems. Thanks to the equivalence between spin-1/2 systems
and their corresponding hard-core lattice boson systems, the ordinary bosonic field theoretical
technique can thus be applied to the lattice boson theory, which can then be converted back to
the original spin theory afterwards. But field theoretical studies of bosonic systems in lower
dimensions (at finite temperatures) are more difficult than those done in three dimensions for
the following reasons: the conventional calculations of interacting boson systems in three
dimensions at finite temperatures [19, 20] are based on two facts.

(i) BEC occurs at finite temperatures in three dimensions (and also at T = 0 in two
dimensions), i.e., 〈φ〉 > 0, where φ is the boson field.

(ii) The t-matrix [19–21] is nonzero at long wavelengths and zero particle density (t0 �= 0).

Thus one may perturb around 〈φ〉 with expansion parameter t0. But in two dimensions (at
finite temperatures) the standard perturbation calculation breaks down [22] because the phase
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fluctuation destroys the BEC at finite temperatures [23], and the t-matrix vanishes at low
k and ω (t0 = 0) [21, 24]. We circumvent the difficulty of 〈φ〉 = 0 by adopting polar
coordinates, φ = √

ρeiθ such that 〈ρ〉 = 〈φ†φ〉 �= 0. However, the renormalization of the
coupling v, necessary to cancel an ultraviolet divergence, introduces in two dimensions an
infrared logarithmic divergence associated with the vanishing of t0. We instead renormalize
v at ρ ( �=0). This leads to a ‘running’ coupling constant vρ . Thus the non-vanishing ρc (the
classical value of ρ) and vρ take the roles of 〈φ〉 and t0, respectively, in the standard perturbative
calculations. In the vρ expansion we do not encounter an infrared divergence.

The outline of this paper is as follows. The model and renormalization calculations to the
one-loop order are given in section 2. Discussions of some distinctive physical phenomena
together with their physical interpretations will be made in sections 3.1 and 3.2. Similarities
and differences between our system and XCuCl3 will be discussed in section 3.3. Conclusions,
further applications and future work will be mentioned in section 4.

2. The model, and calculations to the one-loop order

The Hamiltonian of the 2DS1/2QXYM in a magnetic field along the z-direction on a simple
cubic lattice is

H = −J
∑

〈i j〉
(Sx

i Sx
j + Sy

i Sy
j ) − h

∑

j

Sz
j , (1)

= − J

2

∑

〈i j〉
(S+

i S−
j + S+

j S−
i ) − h

∑

j

(
1

2
− S+

j S−
j

)
, (2)

in terms of the spin raising and lowering operators S+ and S− (creation and annihilation
operators of spin waves, respectively), with

S±
i ≡ Sx

i ∓ Sy
i , S+

i S−
i = 1

2 − Sz
i , (3)

and J the exchange constant. By the Friedberg–Lee–Ren theorem [13], the lattice boson
system equivalent to equation (1) is constructed by first expressing the spin-wave Hamiltonian
by the normal ordering of S+ and S−, as in equation (2), and then replacing them by those of
the lattice boson, b† and b, respectively,

(
S+

i
S−

i

)
←→

(
b†

i
bi

)
,

with an infinite on-site repulsion G/2 · b†2b2 being added finally,

H (b†, b) = H(bi , b†
i ) +

G

2

∑

i

b†2
i b2

i , (4)

where G would be set to infinity finally. Define N as the number of lattice sites, and
µ ≡ 2J − h, which will be identified below as the chemical potential of the lattice boson.
Then the Hamiltonian H in equation (2) is equivalent to the following one:

H (b†, b) = − J

2

∑

〈i j〉
(b†

i b j + b†
j bi) + (2J − µ)

∑

j

b†
j b j +

G

2

∑

j

b†2
j b2

j , (5)

which describes a two-dimensional system of a lattice boson with a hard-core interaction when
G is set to ∞. To handle such a hard-core boson, the binary collision method has been well
developed since 1959 [25, 26]. The idea is that we sum up all diagrams representing repeated
and continuous scatterings between two particles (also called the t-matrix [26]) as the new
coupling which keeps finite after the limit G → ∞ is taken.
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As has been shown by Friedberg [27], through a careful treatment of path integration, or
normal ordering in the operator formulation, only the coupling constant in equation (5) needs
to be renormalized. Then we can write the bare Hamiltonian Hb for renormalization from
equation (5) as

Hb = − J

2

∑

〈i j〉
(b†

i b j + b†
j bi) + (2J − µ)

∑

j

b†
j b j +

vb

2

∑

j

b†2
j b2

j , (6)

where vb is the bare coupling constant, and an unimportant constant − h
2N has been discarded.

Apart from renormalization corrections which are already contained in the t-matrix, the
renormalized coupling v is equal to the t-matrix; this point will be further explored later.

The partition function Z ≡ Tr e−βHb can be expressed in the path-integral formulation as

Z =
∫ ∏

i

Db∗
i Dbi exp

{
−1

l
S[bi(τ ), b∗

i (τ )]

}
, (7)

where τ is the imaginary time, bi(τ ) is restricted by the periodic boundary condition for boson
bi(β) = bi(0), and

S =
∫ β

0
dτ

[
∑

i

b∗
i (τ )∂τ bi(τ ) + H c

b (b∗(τ ), b(τ ))

]
, (8)

with H c
b the classical version of Hb. The parameter l in equation (7) is there to keep track of

the ‘loop expansion’ defined by expanding the thermodynamic (grand) potential (of the lattice
boson system)

W = −lβ−1 ln Z (9)

in ascending powers of l; and will be set equal to unity afterwards.
In two dimensions, lacking a constant long range order (or, in the boson language, the

Bose–Einstein condensate 〈bi 〉 is absent at finite temperatures [23, 22]), we cannot perform
perturbation around 〈bi〉 as in the three dimensions. To circumvent this difficulty, we shall
adopt polar coordinates and parametrize b j s as

b j = √
ρ j eiθ j , b∗

j = √
ρ j e−iθ j .

Rewritten in the polar coordinates, H c
b in equation (8) is

H c
b = (2J − µ)

∑

j

ρ j − J
∑

〈i j〉

√
ρi

√
ρ j cos(θi − θ j) +

vb

2

∑

j

ρ2
j . (10)

To zeroth order in l (tree level) we have simply

w ≡ N−1W = w0 = (βN )−1 S0, (11)

where w is the grand potential per site, w0 the zeroth order term of w, and S0 the minimum
value of S[b j , b∗

j ], obtained by setting the b j equal to a constant such that |b j |2 = ρc, and
minimizing with respect to ρc. The results are

S0 = βN
(

−µρc +
vb

2
ρ2

c

)
;

ρc = µ

vb
, w0 = − µ2

2vb
.

To first order in l (the ‘one-loop order’) we have

w ≈ w0 + lw1 = − µ2

2vb
+ l w1, (12)
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where w1 is to be obtained by expanding the Hamiltonian in equation (10) to the second order
in θ j and ξ j ≡ ρ j − ρc; and the action S in equation (8) is

S � S0 +
∫ β

0
dτ

∑

i

[
iξi∂τ θi + Jρca2(∇Dθi )

2 +
Ja2

4ρc
(∇Dξi )

2 +
vb

2
ξ2

i

]
, (13)

where ∇D is the two-dimensional discrete gradient operator, and a the lattice spacing. One
might proceed natively by expanding θ j and ξ j in Fourier series in τ as well as in j , and
integrating over the Fourier components in equation (7). Then w1 can be obtained as

wnative
1 = 1

N
∑

k

[ωk

2
+ β−1 ln(1 − e−βωk )

]
, (14)

where ω�k = √
ε�k(ε�k + 2µ), (15)

and ε�k is the famous Bloch spectrum of spin wave defined as

ε�k = J

(
2 −

∑

x,y

cos kαa

)
, and ε�k

|�k|∼0≈ Ja2k2

2
. (16)

Nevertheless, following a careful definition of path integral [27], or the normal ordering of the
operator formalism as mentioned earlier, the one-loop calculation leads not to equation (14)

but to (note that N−1 ∑
�k → ∫ π

−π
d2(�ka)

(2π)2 )

w1 =
∫ ∫ π

−π

d2(�ka)

(2π)2

ωk − εk − µ

2
+ wβ, (17)

with

wβ = 1

β

∫ ∫ π

−π

d2(�ka)

(2π)2
ln(1 − e−βωk ).

Next we need to check if the above thermodynamic potential density w is consistent with
the lattice boson model. In the discrete regime, equation (17) behaves well and does not suffer
any ultraviolet (UV) or IR divergence. On the other hand, in the continuum limit, the lattice
boson model becomes the two-dimensional hard disk boson model which is a well defined
physical system and its thermodynamic potential should also be finite. But in such a limit
(with a → 0, and ε�k → Ja2�k2/2), the grand potential density wcontinuum (≡W/(Na2)) at zero
temperature is (while keeping Ja2 and µ fixed)

wcontinuum
T =0 = lim

a→0

w1,T =0

a2
=

∫ ∫ ∞

−∞
d2�k

(2π)2

Ja2

4

(
k

√
k2 +

4µ

Ja2
− k2 − 2µ

Ja2

)
,

with k
√

k2 + 4µ

J a2 − k2 − 2µ

J a2 ∼ − 2µ2

J 2a2k2 at large k, and it diverges logarithmically after
integration. Therefore, to get a consistent theory, w1 (equation (17)) needs to be renormalized
and this can be accomplished by renormalizing the coupling v as follows.
Defining f ≡ w + µρ̄ as the free energy per site, then by taking the idea of v as an effective
potential between particles, the renormalized coupling v can be defined as

vρ̂ =
(

∂2 f

∂ρ̄2

)

T =0,
ρ̄=ρ̂

, or v−1
ρ̂

= −
(

∂2w

∂µ2

)

T =0,
ρ̄=ρ̂

, (18)

where we have adopted the idea of running coupling constant by taking ρ̂ as some arbitrary
fixed nonzero density. Were ρ̂ taken as zero in equation (18), it would lead to the IR divergence.
By equation (18), equations (12) and (17), it can be obtained that

v−1
b − v−1

ρ̂
= l

N
∑

k

1

2

(
∂2ωk

∂µ2

)

ρ̄=ρ̂

= − l

N
∑

k

ε2
k

2ω̂3
k

, (19)
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where ω̂k = √
εk(εk + 2µ̂), and µ̂ is not the actual chemical potential µ but the chemical

potential that would correspond thermodynamically to zero temperature and particle density
ρ̂. Then by equations (12) and (19), we have

w = − µ2

2vρ̂

+
l

2N
∑

k

[
ωk − εk − µ +

1

2
µ2 ε2

k

ω̂3
k

]
+ lwβ, (20)

where the last term 1
2 µ2ε2

k /ω̂
3
k within the square parenthesis in the above summation is from

the renormalization correction and remains finite at small k. Therefore we have escaped the
IR divergence. Briefly speaking, the UV divergence in the continuum limit of the lattice
model calls for renormalization for the sake of consistency between the unrenormalized grand
potential w and the lattice boson model; and the IR divergence arouses the use of the running
coupling constant vρ̂ .

By equation (19), for different renormalization points ρ̂ and ρ̂ ′, we observe that

− 1

vρ̂′
+

l

N
∑

k

ε2
k

2ω̂′3
k

= − 1

vρ̂

+
l

N
∑

k

ε2
k

2ω̂3
k

.

Thus the grand potential density w in equation (20) is invariant under changing the running
renormalization point from ρ̂ to ρ̂ ′. Therefore, to the one-loop order (O[l 1]), all the physical
quantities derived from w are renormalization invariants; for example, the particle density ρ̄

given by ρ̄ = −∂w/∂µ,

ρ̄ ≈ µ

vρ̂

− l

2N
∑

k

[
εk

ωk
− 1 +

µε2
k

ω̂3
k

]
− l

∂wβ

∂µ
. (21)

It is noteworthy that the elementary excitation in this model is a ‘phonon like quasi-particle
(PLQP)’ with linear spectrum at small momentum,

ω�k
k∼0≈ vsk =

√
Ja2µk. (22)

To the tree level, the renormalized potential vρ̄ and the t-matrix t (µ(ρ̄)) is basically the
same. Therefore the differences between them are the renormalization (loop) corrections
(vb − vρ̄) except that the divergent diagrams of ladder type which have already been handled
in t (µ) should be excluded. To O[l1], this is the one-loop ladder diagram with its analytical
expression as

l
v2

ρ̄

N
∑

�k

∫ ∞

−∞
dω

2π

1

ω − (ε�k − µ) + iδ

1

−ω − (ε�k − µ) + iδ
= −l

v2
ρ̄

2N
∑

�k

1

ε�k − µ
. (23)

Thus, to the one-loop order, we have

vρ̄ − t (µ(ρ̄)) = − lv2
ρ̄

2N
∑

�k

(
ε2

k

ωk(µ(ρ̄))3
− 1

εk − µ(ρ̄)

)
. (24)

The t-matrix of the lattice boson system H (b†, b) (equation (5)) is [31]

t (µ) = 2Ja2

1
2N 
�k(2 − 
x,y cos kαa − µ

J )−1
; (25)

with t (µ) ∼ 8π J

ln 2J a2

µ
− 1

� 1, as µ ∼ 0 (h → 2J ), (26)

and t (µ) → ∞ monotonically, as µ → 2J (h → 0). (27)
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Unlike the field theories in real time (T = 0), in which loop expansion is a power series
of a natural parameter h̄ [28], the expansion parameter l defined in equation (7) (a finite-
temperature field model) is only a bookkeeping notation and should be set to be unity finally.
Thereafter, the above loop expansions (equations (7), (9), and (20)) would then be identified
as expansions in powers of vρ̄ (or t); and they would still be valid only if vρ̄ (or t) is a small
quantity. This is the situation when µ is small (h → 2J ), and so is the density of the lattice
boson ρ̄ (noting that ρ̄ � 1, as µ � 1). Thus, it corresponds to the dilute boson approximation
which has been adopted in most analytical treatments of the three-dimensional hard-core boson
model as well [13, 26, 29, 30, 19, 32]. Note that the dilute boson approximation (ρ, µ � 1)
in the lattice boson system is equivalent to the requirement that the strength h of the external
magnetic field is close to 2J (h → 2J ) in the spin system.

The magnetization 〈Sz〉 = 1/2 − ρ̄ in the spin system can be obtained by combining
equations (21), (24) and (25),

〈Sz〉 = 1

2
− µ

t (µ)
− 1

2N
∑

�k

[
εk

ωk
− 1 +

µ

εk − µ

]
+

1

N
∑

�k

εk

ωk

1

eβωk − 1
, for h/J < 2.

(28)

In obtaining equation (28), we have set µ̂ = µ, and l = 1. Thus to the one-loop order,
the magnetization 〈Sz〉 (equation (28)) is obtained and is finite in both the discrete case and
the continuum limit. Please notice that at T = 0 both the second and the third terms on the
RHS of the above equation contain the quantum corrections. By using the standard spin-wave
approach [33] to the 2DS1/2QXYM (equation (2)), the magnetization 〈Sz〉sw at T = 0 can be
obtained,

〈Sz〉sw = 1

2
− µ

4J
− 1 − µ

2J

4N
∑

k

γk

{√
2 − γk

2 − (1 − µ

2J )2γk
− 1

}
, (29)

where γk = cos(kx) + cos(ky). On the RHS of equation (29), the first two terms are the result
of the mean field calculation, and the third term is the spin wave correction, which is small in
the limit µ → 0 (h → 2J ).

By noting that the grand potential density w (equations (11) and (9)) of the lattice boson
system is, in fact, the free energy density of the spin system, the entropy per site s can then be
obtained as

s = −
(

∂w

∂T

)

Na2 fixed

= 1

N
∑

k

[
βωk

eβωk − 1
− ln(1 − e−βωk )

]
. (30)

3. Discussions

By equations (28) and (30), some very distinctive phenomena can be predicted in the magnon
superfluid state. In equation (28), the temperature correction term grows with increasing
temperature, and so does the magnetization 〈Sz〉 (figure 1). For example, when h = 1.65J ,
〈Sz〉 is increased by 5% as temperature increased from 0 to 0.34J . On the other hand, at constant
temperature below Tc, the entropy per site s (equation (30)) grows with rising magnetization
〈Sz〉 driven by increasing the strength of the magnetic field (figure 2). For example, when h is
increased from 1.5J to 1.9J , the entropy per site s is increased almost threefold while 〈Sz〉 is
increased from 0.42 to 0.49.

The behaviours of magnetization 〈Sz〉 and entropy density s mentioned above seem
abnormal but are not impossible, and are closely connected to the superfluidity of magnons;
but before we make further explorations, it would be better to discuss the critical temperature
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Figure 1. ρ̄, ρn, ρs, and 〈Sz〉 versus T with h/J = 1.65 and Tc/J = 0.34.
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Figure 2. 〈Sz〉, δSz , and entropy per site s × 10 versus h at T = 0.1J .

Tc first. Two temperatures are responsible for determining Tc, the temperature TS at which the
supercomponent of magnon ρs(T ) (defined later in equation (33)) depletes (figure 3), i.e.,

ρs(TS) = 0, (31)

and TKT, the transition temperature of the Kosterlitz–Thouless transition occurring in a
magnetic field. By numerical calculations of the above equation in different h, the thermal
energy TS can be fitted as TS ≈ 0.7 × (2 − h/J ) = 1.4 × mv2

s /2 (figure 3), where
m = (Ja2)−1 is the ‘mass’ of magnons obtained from equation (16), while by a classical
mean-field approximation the temperature TKT ≈ π J

4 (1 − h2

4J 2 ) (figure 3). Both TS and TKT

approach zero at the limit h/J → 2. In the three-dimensional superfluid systems, there is only
one transition temperature [29]. In our case, nevertheless, it is not clear yet whether TS and
TKT are the same or not before we have included the vortex and do an analytical calculation or
a quantum Monte Carlo computation of TKT in an external magnetic field at finite temperature.
But anyway, Tc should be the smaller one between TS and TKT if they are different.

On the other hand, those seemingly abnormal phenomena mentioned above can be
understood in the following ways: the fact that the Mermin–Wagner theorem [16] rules out the
presence of BEC in the two-dimensional boson system at finite temperatures does not exclude
the possibility of the existence of superfluidity [17]. In the 2DS1/2QXYM (equations (2)–(5)),
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Figure 3. TS versus h (when no vortex is present), and the classical mean field approximation of

TKT versus h (TKT ≈ π J
4 (1 − h2

4J 2 )).

magnons are like hard-core bosons with elementary excitations of both PLQP and vortex. At
temperature below Tc, the vortex density is very small and can be ignored [8]; then the partition
function equation (7) can be viewed as that of a grand canonical ensemble of magnons with
PLQP excitations only. In such a low-temperature region, almost all magnons move with
speed less than vs. By Landau’s famous argument [29, 30], because of the linearity of the
spectrum ω(�k) at low momenta (equation (22)), the PLQP will not be excited if the speed
of the disturbance is less than vs. Therefore, magnons form a superfluid state. Due to SF,
magnons can hence be divided into the normal component with density ρn, which has entropy,
and the super component with density ρs, which has no entropy,

ρn = β

2Na2

∑

�k

k2eβωk

(eβωk − 1)2
, (32)

ρs = ρ̄−ρn, (33)

obtained by following a treatment analogous to that in [29].

3.1. 〈Sz〉 increases with T at constant h

As we mentioned earlier in the previous paragraph, at low temperatures, the partition function
equation (7) can be viewed as that of a grand canonical ensemble of magnons. Accordingly,
the average energy and magnon number are determined by conditions of the reservoir with
which our system of magnons is in contact.

Below Tc, as the temperature T increases, the super component density ρs decreases,
and the normal component density ρn increases, in order to increase the averaged entropy.
This process can be viewed as exchanging magnons of the system with the reservoir: as
temperature increases, the super component flows into the reservoir and decreases ρs; and the
normal component flows from the reservoir and increases ρn. Thus the system will warm up.
But the super component flows with no viscosity and depletes faster than the supply of the
normal component of magnons from the reservoir. This makes the total density ρ̄ (=ρn + ρs)

of magnons decrease as the system attains the new temperature. The fewer magnons, the less
deviation of the spins, and this causes larger 〈Sz〉 (〈Sz 〉 = 1/2−ρ̄). Therefore the magnetization
〈Sz〉 increases with T (figure 1).
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As temperature approaches Tc, a finite fraction (∼ several per cent) of magnons are heated
up to move with speed larger than vs. Thus a considerable number of PLQPs are excited, and
this makes the thermal fluctuation intensified and decisive at T � Tc. At temperature above
Tc, the superfluid component is exhausted, and the total density ρ̄ (=ρn) increases with T .
Thus 〈Sz〉 decreases as for normal spin systems (figure 1).

3.2. Entropy grows with h at constant T

In the magnon superfluid state, when the strength of the magnetic field h increases, 〈Sz〉 grows
and ρ̄ decreases. As in the usual gas system, the velocity of the PLQP, vs, is proportional to
the total density ρ̄ of magnons (vs ∝ √

ρ̄, equations (22) and (21)); therefore, vs decreases
as h increases. Then it becomes easier to excite the PLQP by Landau’s argument, and there
exist more magnons moving faster than vs. Thus the normal density ρn increases, and so does
the entropy per site s. Therefore, the entropy per site s grows with the magnetization 〈Sz〉
as h increases (figure 2). But this does not violate the second law of thermodynamics: as h
increases, the fluctuation of Sz , δSz ≡ √〈S2

z 〉 − 〈Sz〉2 also rises (though slowly) with entropy
(figure 2).

Note that it is because of the existence of ρs and the fact that it depletes faster than
the supply of ρn from the reservoir that the decrease of ρ̄ and the increase of ρn can occur
simultaneously. As T > Tc, there is only ρn. Thus, like normal systems, as h increases,
ρ̄ = ρn decreases, and so does the entropy per site s.

3.3. Comparisons between the 2DS1/2QXYM and XCuCl3

In the above discussions, the 2DS1/2QXYM is in a strong external magnetic field in ẑ so
that the dilute limit of magnons can be met from the perspective of calculation. From the
point of view of symmetry, an external magnetic field in ẑ can break the mirror symmetry in ẑ
(Sz ↔ −Sz); and the 2DS1/2QXYM is then in an ordered state with a constant order parameter
〈Sz〉 �= 0 at low temperatures. ‘Owing to symmetry breaking, the systems gain rigidity’ [34];
hence, fluctuations in the ordered state may result in situations quite different from those in
the disordered state. When no external magnetic field is present, the system is in a state with
no (constant) long range order because of the symmetry property of the Hamiltonian and the
fact that the low dimensionality causes strong classical fluctuation which is coupled with the
enhanced quantum fluctuation due to the small spin (S = 1/2) [8]. Therefore, the magnetic
field plays an essential role here. It should be noted that even though the mirror symmetry
of Sz is broken by an external magnetic field in the z-direction, the U(1) symmetry of the
Hamiltonian is still preserved in the 2DS1/2QXYM. Thus a superfluid state may exist. This is
also due to the hard-core bosonic property of the magnon, and hence the excitation spectrum
ωk is linear at low k. The linearity of ωk is essential to SF [29, 30]. This property is shared by
both 2DS1/2QXYM and XCuCl3 [5].

Though the external field h is essential in forming quantum transitions in both
2DS1/2QXYM and XCuCl3, nevertheless, the functionality of the external field h is a bit
different in the above two models. In XCuCl3, the effect of h is to close the energy gap and a
non-magnetic (singlet) state is the ground state of the magnon; while in the 2DS1/2QXYM, it
is to break the mirror symmetry of Sz (and −Sz) to form a fully polarized ferromagnetic state
with a constant long-range order 〈Sz〉 as the ground state. For this reason, 〈Sz〉 ∝ ρ in XCuCl3,
and 〈Sz〉 ∝ 1

2 −ρ in our model. But the qualitative behaviours of the magnon density ρ versus
T in the above two systems are similar. The curve of the total density of magnons versus T in
figure 1 may be reminiscent of the characteristic cusplike curve of magnetization versus T in
XCuCl3 [1].
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4. Conclusions and future works

By using the equivalence between the spin 1/2 system and the lattice hard-core boson, and
by applying the renormalization technique to the one-loop order, we have shown that there
is a magnon superfluid state in the 2DS1/2QXYM in a strong magnetic field along ẑ at low
temperatures. In such a state, there appear some distinctive phenomena like magnetization
increasing with temperature, and entropy growing with the magnetic field. Related physical
interpretations are given. Our results are based on the dilute boson approximation in the lattice
boson system, and this corresponds to the requirement that the strength of the external magnetic
field in the spin system (equation (1)) is close to 2J .

Please notice that the one-loop renormalization corrections to both 〈Sz〉 (equation (28))
and s (equation (30)) are small (<1%). As we mentioned in section 2, the loop expansions
should be identified as expansions in powers of vρ̄ or t (µ) as l has been set as unity; and
both parameters (vρ̄ and t (µ)) are small in the dilute approximation. Therefore, the one-loop
calculation suffices for our study of those phenomena mentioned above.

We believe that by suitably defining the vacuum of magnons, the mechanism proposed
in section 3.1 (magnon density first decreases and then increases as temperature increases at
constant magnetic field) may also be relevant in understanding the field-induced magnetic
ordering in the spin-gap systems like TlCuCl3, KCuCl3 [1], and other systems in which there
is a superfluid state of magnons.

It is worth noting that in equation (1) the applied magnetic field h can be an external field,
or an internal effective field due to some internal interactions. For a two-dimensional spin-1/2
ferromagnetic system with J = 0.55 meV, and an external magnetic field of 8 T, the critical
temperature Tc is about 2.0–2.5 K.

In this paper, for simplicity, we have restricted our analysis within the range in which
the temperature T is below Tc to avoid complications which may be caused by vortices. In
the future, we plan to investigate situations T ∼ Tc to see how vortices would influence the
magnon superfluid state, and to clarify what the transition temperature Tc should be (TS or
TKT). Besides, there is a critical value hc(T )(∼hc(0)+O[T 2]) of the external field to close the
energy gap for the field-induced ordering in XCuCl3. The form of hc(T ) for the field-induced
superfluid state in our model will be left for further explorations.
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